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Abstract
We consider an m-dimensional minimal submanifold P and a metric R-sphere in the Euclidean space Rn. If
the sphere has its center p on P , then it will cut out a well defined connected component of P which contains
this center point. We call this connected component an extrinsic minimal R-ball of P . The quotient of the volume
of the extrinsic ball and the volume of its boundary is not larger than the corresponding quotient obtained in the
space form standard situation, where the minimal submanifold is the totally geodesic linear subspace Rm. Here we
show that if the minimal submanifold has dimension larger than 3, if P is not too curved along the boundary of an
extrinsic minimal R-ball, and if the inequality alluded to above is an equality for the extrinsic minimal ball, then
the minimal submanifold is totally geodesic.
 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let Pm be an immersed submanifold of a complete Riemannian manifold Nn.
The distance function on the ambient space Nn is denoted by d , so, if p ∈ P , we can define
r(q) := d(p, q) for every q ∈N . We shall also denote by r the restriction r|P :P → R. This restriction
is called the extrinsic distance from p in P .
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The extrinsic ball of radius R and center p ∈ P , DR(p)⊆ P , is the smooth connected component of
BnR(p)∩ P = {q ∈ P | rp(q)R} which contains p. Here, BnR(p) denotes the geodesic R-ball around p
in the ambient space N , subject to the restriction R min{iN(p), π2√b }, where b is the supremum of the
sectional curvatures of N , and iN(p) is the injectivity radius of N from p.
When N =Kn(b), the n-dimensional simply connected space forms of constant curvature b ∈R, and
P =Km(b), the totally geodesic submanifold of Kn(b), then the corresponding extrinsic R-ball centered
at p˜ ∈Km(b), DbR(p˜) is the geodesic R-ball Bb,mR centered at p˜ inKm(b), and its boundary is the geodesic
sphere Sb,m−1R . We shall refer to this setting as the standard setting for our comparison results.
In the recent work [9] the second named author proved the following optimal isoperimetric inequality
for such extrinsic balls:
Theorem A [9]. Let Pm be a minimally immersed submanifold of Nn and let DR(p) be an extrinsic
R-ball in Pm. Assume also that the sectional curvatures KN of N satisfy KN  b  0.
Then
(1.1)vol(DR)
vol(∂DR)
 vol(B
b,m
R )
vol(Sb,m−1R )
.
If equality holds in (1.1) and b < 0, then DR is a minimal cone in Nn. Hence, if the ambient space is
Nn =Kn(b), the hyperbolic space of constant curvature b < 0, then Pm is a totally geodesic submanifold
of Nn.
From now on, whenever the equality
(1.2)vol(DR)
vol(∂DR)
= vol(B
b,m
R )
vol(Sb,m−1R )
is satisfied by some extrinsic minimal ball DR(p), we will say that DR(p) satisfies the “Equality
Condition”.
In [8] we have generalized the isoperimetric ‘comparison’ inequality (1.1) to the setting where we
consider minimal submanifolds of ambient spaces with a positive upper bound on sectional curvatures.
We find again, that the corresponding Equality Condition characterizes the totally geodesic submanifolds
in the spherical space forms.
The case of minimal extrinsic balls in Euclidean spaces seems different. It is tempting to conjecture—
as we actually did in [8]—that the Equality Condition (1.2) should also characterize the totally geodesic
submanifolds of Euclidean spaces.
However, a closer look at the proof of Theorem A does not by itself suggest further evidence for this
conjecture. In fact, Theorem A is based on the comparison between the mean exit time functions defined
both on the extrinsic balls and on the geodesic balls with the same radius in the standard settings. We
denote by ER(x) the mean time of first exit from DR(p) for a Brownian particle starting at x ∈DR(p),
we denote by E˜ b,mR the mean exit time function defined on the geodesic ball B
b,m
R in Km(b), and by E
b,m
R
the function
E
b,m
R :DR(p)→R; Eb,mR (x) := E˜ b,mR
(
rp(x)
)
.
It is proved in [9, Eqs. (3.4)–(3.8)] that equality (1.2) implies
(1.3)∥∥gradP (r)∥∥= 1 on ∂DR(p); and Eb,mR =ER on DR(p)
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where gradP (r) is the tangential component in P of the gradient in Kn(b) of the extrinsic distance,
gradKn(b)(r).
As it was pointed out in [7], the second equality in (1.3), when the ambient space is the hyperbolic
space Kn(b), together with the minimality of the submanifold Pm and the analytic prolongation principle
implies that Pm must be totally geodesic in Kn(b).
However, when the ambient space is Rn, the equality ER =E0,mR on DR is always satisfied in extrinsic
balls of minimal submanifolds of the Euclidean space, where it even characterizes minimal hypersurfaces
(Theorem 3 in [7]).
Hence in this last case we can ‘only’ conclude the first equality in (1.3), so we have
(1.4)gradP (r)= gradRn(r) on ∂DR.
Then, equality (1.2), when b = 0, allows a lot of freedom for P inside DR, and from this setting,
therefore, we need to add conditions which could imply that equality (1.4) be true on all DR − {p}.
Specifically, our main result can be stated as follows:
Theorem 1. Let Pm be a minimally immersed submanifold of Rn. We assume that m  3 if P is a
hypersurface and that m> 3 if the codimension of P is greater than one.
Let us suppose that for some extrinsic ball DR of fixed radius R we have the equality
(1.5)vol(DR)
vol(∂DR)
= vol(B
0,m
R )
vol(S 0,m−1R )
and suppose further that at the points of the boundary ∂DR we have the following inequality
(1.6)‖BP‖2  m− 1
m− 2 ·
1
R2
where ‖BP‖ denotes the standard Hilbert–Schmidt norm of the second fundamental form BP of the
submanifold Pm, and that
(1.7)DPXBP
(
gradRn(r),gradRn(r)
)= 0
for all tangent vector fields X to ∂DR, where gradRn r denotes the gradient in Rn of the extrinsic
distance r , restricted to ∂DR, and DP denotes the normal connection on the normal bundle to P in Rn.
Then Pm is a totally geodesic submanifold of Rn.
The hypotheses (1.5), (1.6) and (1.7) allow us to characterize the boundary ∂DR as the geodesic sphere
with radius R in Rm. In order to do this, we shall prove, using Lemma 2.4, that the mean curvature vector
field of ∂DR in Rn is parallel in the normal bundle and then, we shall apply previous results due to
Erbacher [4] and Chen and Okumura [3]. From this characterization, we shall argue as in Corollary 2
in [9] and conclude that the submanifold Pm is totally geodesic in Rn.
The outline of the paper is as follows: We prove Theorem 1 in Section 3. Section 2 is devoted to the
proof of Lemma 2.4 concerning the mean curvature of the boundary of the extrinsic ball.
This work was done during a stay of the second author at the Department of Mathematics,
Technical University of Denmark, while he was supported by a Grant from the Spanish Ministerio
de Educación y Cultura (Programa Sectorial de Formación de Profesorado y Perfeccionamiento del
Personal Investigador). He would like to thank the staff at the Department of Mathematics for the cordial
hospitality during this period.
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2. Preliminaries
As it was pointed in the Introduction, our proof of Theorem 1 is based on results due to J. Erbacher,
B.-Y. Chen and M. Okumura, which we now state for completeness:
Theorem 2.1 [3]. Let Mm be a compact submanifold of the Euclidean space Rn, with dimension m 3.
If the mean curvature vector of Mm, HM , is parallel in the normal bundle and the scalar curvature sM
satisfies the inequality (at all the points in Mm),
(2.1)sM > (m− 2)
∥∥BRnM ∥∥2
where ‖BRnM ‖2 denotes the Hilbert–Schmidt norm of the second fundamental form BRnM of M in Rn, then
Mm is a m-sphere in Rm+1 ⊆Rn.
Theorem 2.2 [1]. Let Mm be a submanifold of the Euclidean space Rn. If the scalar curvature of Mm
satisfies the inequality (2.1) at a point p ∈ M , then the sectional curvatures of Mm at p are strictly
positive.
Theorem 2.3 [4]. Let Mm be a connected and compact Riemannian submanifold of strictly positive
sectional curvatures in Rn or Sn. Suppose that the mean curvature vector of M is parallel with respect
to the normal connection and that the normal connection is flat.
Then M has constant sectional curvature and is isometric to a sphere, so M is the sphere in
some Rm+1.
In the following result, we shall relate the mean curvature normal of the boundary ∂DR with the
gradient of the extrinsic distance and the second fundamental form of P , showing in particular that when
Pn−1 is a hypersurface in Rn, then ∂DR has flat normal bundle as a submanifold of Rn.
Lemma 2.4. Let Pm be a minimally immersed submanifold of Rn and let DR(p) be an extrinsic ball in P
where the Equality Condition is satisfied.
Then the mean curvature normal of the boundary ∂DR considered as a submanifold of Rn is
(2.2)(m− 1)HRn∂DR =−
m− 1
R
gradRn(r)−BP
(
gradRn(r),gradRn(r)
)
.
If Pn−1 is a hypersurface, the connection D∂DR on the normal bundle of ∂DR in Rn is flat.
Proof. Since the Equality Condition is satisfied on DR , then gradP (r)= gradRn(r) on ∂DR .
Let X be a tangent vector field to ∂DR. We have that X can be considered as a tangent vector field
to S 0,n−1R , while gradR
n
(r) is a unit normal vector field to S 0,n−1R , and, on the other hand, gradR
n
(r) is
normal to ∂DR in Rn.
Applying the Weingarten formula in both contexts, and letting LMξ denote the Weingarten map of a
submanifold M of Rn in the direction of the unit normal vector ξ , we have
(2.3)∇RnX gradRn(r)=−LS
0,n−1
R
gradRn (r)
X= 1
R
X,
(2.4)∇RnX gradR
n
(r)=−L∂DR
gradRn (r)
X+D∂DRX gradR
n
(r).
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Therefore
(2.5)D∂DRX gradR
n
(r)= 0,
(2.6)L∂DR
gradRn (r)X =−
1
R
X.
On the other hand, since
(2.7)BRn∂DR = BP∂DR +BP
where BP∂DR (respectively BR
n
∂DR
) is the second fundamental form of ∂DR in P (respectively Rn), we have,
for every q ∈ ∂DR,
(2.8)(m− 1)HRn∂DR =
m−1∑
i=1
BP∂DR(ei, ei)+mHP −BP
(
gradRn(r),gradRn(r)
)
for an orthonormal basis {ei}m−1i=1 of Tq∂DR .
Now, from (1.4) and (2.6),
(2.9)BP∂DR(ei, ei)=
〈
L
∂DR
gradRn (r)
ei , ei
〉
gradRn(r)=− 1
R
gradRn(r)
and then, Eq. (2.2) follows from (2.8) and (2.9), taking into account that HP = 0 because P is minimal.
Moreover, given a vector field ξ orthogonal to P and given X tangent to ∂DR , we have, using (2.5),
DPXξ =D∂DRX ξ −
〈
D
∂DR
X ξ,gradR
n
(r)
〉
gradRn(r)
(2.10)=D∂DRX ξ −
〈
D
∂DR
X gradR
n
(r), ξ
〉
gradRn(r)=D∂DRX ξ on ∂DR.
Then, if P is a hypersurface, given a vector field X on ∂DR and given the orthonormal frame
{gradRn(r), ξ } in the normal bundle of ∂DR in Rn, we have
D
∂DR
X gradR
n
(r)= 0,
D
∂DR
X ξ =DPXξ = 0.
Hence, there exist two mutually orthogonal unit normal vector fields such that each of them is parallel in
the normal bundle. Then, the normal connection is flat. ✷
3. Proof of Theorem 1
First, we shall suppose that Pm is a minimal submanifold of Rn, with dimension m  4. Then, we
have (see [2]):
(3.1)vol(∂DR) vol
(
S
0,m−1
R
)
.
We are going to prove the equality
(3.2)vol(∂DR)= vol
(
S
0,m−1
R
)
showing that ∂Dm−1R is a round sphere of radius R in some Rm ⊆Rn.
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In order to do that, we shall show first that the scalar curvature of ∂Dm−1R considered as a submanifold
of Rn satisfies inequality (2.1) in Theorem 2.1, by means of the computation of the norm of its second
fundamental form BRn∂DR , and using the upper bound on ‖BR
n
P ‖2 that we have assumed as a hypothesis.
Given {ξi,gradRn(r)}n−mi=1 , a local orthonormal frame of the normal bundle of ∂DR in Rn and given a
local orthonormal tangent frame of ∂DR , {ei}m−1i=1 , we have, using Eqs. (2.6) and (2.7),
(3.3)BRn∂DR(ei, ej )=−
δi,j
R
gradRn(r)+BP (ei, ej )
for all i, j ∈ {1, . . . ,m− 1}.
Using the bound (1.6) on the norm of the second fundamental form BP , we have (when m 3)
(3.4)
∥∥BRn∂DR∥∥2 = m− 1R2 +
m−1∑
i,j=1
‖BP (ei, ej )‖2  m− 1
R2
+‖BP ‖2  (m− 1)
2
R2
.
The scalar curvature of ∂Dm−1R in Rn is given by (see [1] and [3]):
(3.5)s∂DR = (m− 1)2
∥∥HRn∂DR∥∥2 − ∥∥BRn∂DR∥∥2 = (m− 1)2R2 −
∥∥BRn∂DR∥∥2.
From here it is easy to check (using inequality (3.4) and m 4) that
(3.6)s∂DR 
(m− 1)2(m− 3)
(m− 2)R2 > (m− 3)
m− 1
(m− 2)R2  (m− 3)
∥∥BRn∂DR∥∥2.
By Lemma 2.4, Eqs. (2.5) and (2.10) and Eq. (1.7) in the hypothesis of Theorem 1, HRn∂DR is parallel in
the normal bundle of ∂DR in Rn, so it follows from Theorem 2.1 (recall that m− 1 3), that ∂Dm−1R is
a hypersphere, S 0,m−1R1 , in some R
m ⊂Rn.
The mean curvature normal vector field of ∂Dm−1R = S 0,m−1R1 in Rn can be computed as HR
n
∂DR
in
Lemma 2.4, so
HR
n
S
0,m−1
R1
=− 1
R1
N˜
where N˜ is the unitary normal vector field of S 0,m−1R1 in R
m
.
Then,∥∥HRn∂DR∥∥2 = 1R2 =
∥∥HRn
S
0,m−1
R1
∥∥2 = 1
R21
and hence R =R1.
The characterization in Theorem 2.1 applies for compact submanifolds of Euclidean spaces with
dimension greater or equal to 3, so our (m− 1)-dimensional extrinsic sphere must satisfy the condition
m − 1  3. Hence this proof works for hypersurfaces Pn−1 ⊆ Rn with n  5 and for submanifolds
Pm ⊆Rn, with codimension strictly greater than 1 and m 4 (hence, n 6).
We extend this result to extrinsic spheres ∂D2R of hypersurfaces P 3 ⊆ R4 using Erbacher’s Theorem
(see Theorem 2.3) in the following way: Since inequality (3.5) holds, we can apply Theorem 2.2 in order
to assure that the sectional curvatures of ∂D2R are strictly positive. On the other hand, the mean curvature
of ∂D2R is parallel, and, moreover, since P 3 is a hypersurface in R4, the normal bundle of ∂D2R in R4 is
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flat. Applying Theorem 2.3, we have that ∂D2R is a 2-sphere S
0,2
R1
in some R3. The radius of this round
sphere is R—this follows from the same arguments as before.
In all cases we conclude that
vol
(
∂Dm−1R
)= vol(S 0,m−1R ).
From Equality Condition (1.5) we have now that
(3.7)vol(DR)= vol
(
B
0,m
R
)
,
and we can argue as follows:
Let G(r) be the function defined for r ∈ [0,R] as
G(r) :=
{
ln vol(Dr)
vol(B0,mr )
if r > 0,
0 if r = 0.
Using the asymptotic expansion for the volume of an extrinsic ball obtained in [6], it can be proved that
limr→0G(r)= 0, so G(r) is continuous and G(r) 0 for all r ∈ [0,R].
On the other hand, it follows from the co-area formula applied to the extrinsic distance function r
defined on P − {p} (see Corollary 2 in [9] and [10]), that
(3.8)d
dr
vol(Dr)=
∫
∂Dr
1
‖gradP (r)‖  vol(∂Dr) ∀r.
Then, using (3.8), Theorem 1 in [9] and the well-known formula on the volume of a geodesic ball in a
space of constant curvature b (see [5]):
d
dr
vol
(
Bb,mr
)= vol(Sb,m−1r ),
we have that
G′(r)=
d
dr
vol(Dr)
vol(Dr)
− vol(S
0,m−1
r )
vol(B0,mr )
 vol(∂Dr)
vol(Dr)
− vol(S
0,m−1
r )
vol(B0,mr )
 0
for all r ∈ [0,R]. Therefore G(r) is nondecreasing and, asG(0)=G(R) from equality (3.7), we conclude
that G(r)= 0 for all r ∈ [0,R], which implies that G′(r)= 0 for all r ∈ [0,R], and hence
d
dr
vol(Dr)
vol(Dr)
= vol(∂Dr)
vol(Dr)
for all r ∈ [0,R]; so, finally
(3.9)d
dr
vol(Dr)=
∫
∂Dr
1
‖gradP (r)‖ = vol(∂Dr) ∀r
and then,∥∥gradP (r)∥∥= 1 on DR.
This last equation implies that DR is a minimal cone in Rn, so DR is totally geodesic in Rn. By analytic
prolongation from DR = B0,mR we get that all of Pm is a totally geodesic submanifold of Rn, and this
proves the theorem.
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